Unit 6 Sequences and Series

Sequences:

A sequence is an ordered list of numbers that follow a specific
pattern. The sequence may stop or may continue on indefinitely

Ex) 5,7,9, 11,13, ... Faltem: +2 each hime.
7,21, 63, 189, 567, ... Pallemn:

100, 50, 25, 12.5, ... Rdlem:

Notation:

The terms within a sequence are named in order using the
notation t, t,, t,, etc.

Ex) 1, 4, 9, 16, 25, 36, ...
t t, t, t, t ot
Ex) 3,7,11,15,19,23,27,31,35, ...

t4: t7:

L ) CEE———



Representing Sequences:

To represent a sequence we can simply list out the first few
terms
Hhis  cnhinue
Ex) 4,20, 100, 500, ... FOREVER...

or we can use a formula that describes how each term is
generated.

General Term: o Ths hdps ws Ryare ot derms withaut henirg do lerh out
He entre patiern.

The general term is a formula used to describe a sequence that is

based on the term number. (If you want to know the value of the

5™ term you put a 5 into the formula.)

Ex) t,=3n-2, find the first 3 terms
Teem |- axg Frd 42 arde.
+i=301)-2
+r=2-2

=

t =n®+1, find the 23 term .~ N=23

If t. =7n—5, which term is equal to 51?7
This means Hot- Some teem i our Seauunct is Bl 0nd e want Yo bnow

whnch derm ('Lt, Fobsyene ? \)' We want +o F’S‘“" out N.
5i=Tn-5 Solue For N



Types of Sequences:

There are two main types of sequences we will consider in this
course they are:

Arithmetic Sequence Geometric Sequence
(oddéibion /sulohrackion portern) ( v \plicadion /division patiem)
Is a sequence that Is a sequence that
increases (or decreases) increases (or decreases)
by a@mon difference.| by a common ratio.
‘A~ R RA R
Ex) 7,13,19,25, ... Ex) 2,6, 18,54, ...

Arithmetic Sequences:

‘In a row

) ] ] v oo
Is a sequence in which the difference between consecutive terms
IS a constant. This constant is called the common difference.

+1 37 42 #2 2

A~ | |
Ex) 3.5.7,0/11,13, ... Commndifec: 2
-5,-1,3,7, 11, ... common diffrena.
2’ 9’ 16’ 23’ 307 ... Comraan difference -

The general term of an arithmetic sequence can be found using

the formula: \Sjl,mn dﬁﬁj“@ \r©

t =%+ (n-1)d

a = value of the first term
d = common difference between terms



Ex) Find the general term of the following sequences.

A

a) 8,12,16, ... b) 3,8,13,18,... (¢) 23,19,15, 11, ...
‘b\:a«“(n«l)d
Jc_n:8+(ﬂ/:‘i\"{\)

tn=8+Hn-Y

&_Thl& O potd }X LAS&{
Fo fird any term.
Ex) Determine the indicated term for each of the following.
%Tmsa terms are BIGI Fﬂd gcur Sen;zm\ Cormula. Argt ¥

a) 8 11 14 17 find t,,
tnza+(n-1)d 1= 3031)+5
bn = aw@%\ 2 = 9395
tV\ B+ 5n-9 i

Y Dse 4o ‘:'n'f‘ }-‘-_’A *
W Whot 15 diferert aood d n = Case? %
Fed L-pq-

b) 37,30,23,16,... findt,
Find 8@mra\ formila.

Ex) Determine how many terms are indicated by each of the
following sequences. we want 4o koo the dermtt, n, For 441,

Erody 4k L,
a) -20,-9,2,13,... .. 442
Set up 82Mra\ formula o N We hue our 8zm_ra\ Formula ord ut_ Mo £n= Yul 0. .
l_‘n \d ‘é,'\: llh-g}
=a+(n-|
L ’ 2(; (/lf(\m H2= 1In-3]  Solx for ny
o - +(Nn— —_—
: HUQ 43| = {In <&+3
&n = - 20+[n-1) 75 ¥
T



b) 31,36,41, ... 791 ey ME

Arithmetic Means:

Arithmetic means are the terms between two non-consecutive
terms on an arithmetic sequence.

Ex) 2,5,8, 11, 14,17, 20, 23

The arithmetic means between 2 and 23 are
5, 8, 11, 14, 1Z 20 becmsg Yrase afl Fall bekuear 2 ‘% 22

The arithmetic means between 5 and 17 are?

Ex) Find the fous arithmetic means between 27 and 47.
U)@ ]«now H/\U't will e 4 vumlrs beJ—mccn Z'I”. 47 go. ..

27, . Ny
v N v -
+7 +7 +2 +D
‘LY‘\ = Q+<ﬂ*\>OL
4= 21+ (6-1d
= [+ rd. IF gou Knao o con et
o= Ee SO‘UQ ford. 2 q\? Sl:} qu;em_r:?laSmnu?c\ t Sauc Yo LQ\L%,-Lu\,l‘e

b) Coual up My PDMM ]?} d.



Ex) Determine the general term for the arithmetic sequence
that has t, = ?3 and t, =125 as two of its terms.

5'”"J—Crm ’:;‘”‘ k(m

L/‘JIOO@L 13 d Yetuocen each -\*’-rm? I wefind d Hun accon Uk Hais Yo Qr(i a.

LD‘L“"‘AW.

(xrura)

th= a+(n-Nd

Now Try
Page 16 #1to9, 10, 11,
13, 16, 17




Arithmetic Series:

When the terms of a sequence are added together we call it a
series.

Ex) 3,5,7,9,11, 13, .... s an arithmetic sequence
3+5+7+9+ 11+ 13+ ... 1s an arithmetic series

Notation:

The partial sums of a series are denoted using the following
notation:.

S; means sum of the first 5 terms

S,; means sum of the first 31 terms

Ex) Given the series below, find the following partial sums.

3+5+7+9+11+13+ ...

a) S, b) S, C) S

Ex) What is the sum of the first 100 natural numbers?



From this thinking we can develop a formula to determine the
sum of an arithmetic series.

n
S =— t
i 2(a+ n)

Butt =a+(n—-1)d so

Snzg[a+a+(n—1)d]

S, :g[2a+(n—1)d]

Ex) Find the sum of the first 70 terms of the series given
below.

8+15+22+....

Ex) Determine S,, for the series 4+10+16+...



Ex) Determine the sum of each series given below.

a) 17+30+43+56+.... ...+563

b) 249+ 243+237 +... + 27

Ex) Determine S;, for the arithmetic series that has t, = -9 and
t,, =31 as two of its terms.



10

Ex) Ift =25,t =382,and S, =4477 for a particular series,

determine the number of terms n represented in the partial
sum.

Ex) The sum of the first two terms of an arithmetic series is 13
and the sum of the first four terms is 46. Determine the
first six terms of the series and the sum to six terms.

Now Try
Page 27 #1to7, 10, 11,
15, 16, 20
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Geometric Sequences:

Geometric Sequences are sequences where there is a common
ratio between successive terms.

ohak ...
Ex)1392781 0.5 0.25 b1
ns -3-389 VT T T
Commonratio=r=3
f‘:?

EX) 3\/5\,/6, 632, ...

e
x? X7
I =

The explicit formula for a geometric sequence can be found with
the following formula:

a = value of first term

\(\09' = COMMON ratio {uhak are ypu rauliphyi ) by )
Ex) Determine the explicit formula for the sequence given by

5 10 20, 40 80, ... Find the value of t;.
% 2 ¥ % 5KEU€Y\ #ﬂwjﬂ e lhave & Jc(rm's we only haur L{J“MPS

, 1 Thads Wy owr epant B n-l.
s z |
Zq
General Formmla: Frd s - n:i
Inz ar™ ts = O()
_ -l = 5(2Y
= 5(2) = 5 (128)

Ci\nr& 3|m§|ﬁ? i 6“{0
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Ex) How many terms are represented by the sequence

4,20, 100, .. ....39 062 500 « tere duud be an esre 0.
Can W Uze a %?ﬂur'q] Qrmula —}D ol FDY' n:r)

Ex) A car is worth $30 000 when first purchased. Each year the
car’depreciates 15%. How much will it be worth in 8 -
%dﬁbc’f)m years? Hud: 120 years, ko= [ year , 4= 2 yars, ... wha derm doo ax coantC
~ o

mud) remnars

Ex) Determine the values of the 3 geometric means between

147 and 352947. Hinl? Could gy bhae. 2 rvalous?
147 257 47
Yooy ¥ ¥

We need r.
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Ex) Determine the explicit formula for the geometric sequence

where t, =36 and t,, = 78732.

_— 24
v Y ¥ ¥
XY xr
Skps?(Dﬁkir.
B Fnd gereral Hrm.
Now Try

Page 39 #1, 31038, 10,

12, 23, 26

18132

N
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Geometric Series:

A Geometric Series is the sum of the terms of a geometric
sequence.

Ex) 2,8,32,128, ... <« Geometric Sequence / These arethe soma
b(rL Jour 2eries 1S
2+8+32+128 < Geometric Series added

The Partial Sum of a geometric series can be found by:

RN
a( -1 or = a | gvenlad
3“’;;*6“&% S, :% Sn — ﬂL consiclured H(m

S, = sum of terms

a = value of the first term

r = common ratio

n = number of terms considered
t = value of last term considered

derm+:, N

Ex) Find the sum of the first 12 terms for the sequence given
by 1+4+16+64+...
~ NN/

x4 xy xy

a(r"—
=

= !(Af)’l_‘,\
4y |
=6 T17 215
3

S,\:
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Ex) Determine the sum of the first 8 terms of the geometric
series given below.

5+15+45+...

b Hoo

Ex) Find the sum of each geometric series given below.

~ Qruen ., nof
a) 3-6+12-24+... +49152—-98304 Jerm+=

Sﬂ: r'Lln ~ Q&

-
S (52)(-9g304)— >
~2-1

—_
-~

H Coresid worth P2

=5 o

N

1 1 1 1
b) —+—+—+... . H+——

3 9 27 19683

S «L Q;X\Carcpuﬁ with Frackions
ns (tnpn—- &
r—| 1% N\Q\)JQ'LO(‘*
- 1 \
; (%X\q 10%3\‘ 3
———

L=

3
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Ex) Ina Scrabble tournament there are 256 entries. In round
one of the tournament each of the entries are paired up to
play the winner of each match then goes on to the second
round of play with the losers of each match being
eliminated. This process is then repeated in round two and
so on until only two players remain for the final match.
For this tournament, how many matches will be played
and in how many rounds will this take?

Sequonct. wepressats H & rrotdnes e @i
T caurd: 226 players _ 78 vneddnes

2 plosers
Zf\d (‘Qﬂd . YZE)W% . 6&,\ Hn-ldlSZS
PR
128 oy 20 ), 8,4,2 | 8 raands
[Sj\ 1\ 255 MCZJF(JMS:
el
Now Try

Page53 #lto7/,9, 11,
16, 17
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Infinite Geometric Series:
AV Ve e Ny

The sum of an infinite list of numbers (an infinite series) will do
one of two things:

e Converge — Approach a specific value
/\/\/—\J\
e Diverge — Approach positive or negative
infinity or bounce between 2 or
more values

Ex) State whether the following series are convergent or
divergent.

Q) —2+2-2+2-2+2-2+...

Boumcﬂz oo Ol oz:r%wA‘

0
o coohws O & Coneges
Fo O
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An infinite geometric series will converge if —1<r <1.
I LD@‘}"D be @Oﬁf;dmo\(.
a(r"-1)

. <— sum of a geometric
r —

Proof: S, =

series
IF 'rbbd'wmh—l oncl | ‘

moller ardd apprm&nesO_
Sn=a( o)

|
= o (-1)
r~— |
= — QA
r—1\
oy 9
[~ r
Ex) If possible, find the sum of each series given below.
}\)043‘\’5“ %h or N... \nBnpe gmmﬂ}r;‘c N
7?-——\ 1 ‘—3-- .. Cbﬂ!)tr%gﬁﬁ

" gels

a) 1+1+i+... b) 9+3+1+§+...
Qa r}:/'/q:o,25 o nfinie So =_a
—r Corporze | =
- 4
1 R SR VAL I = 1
|~ ot SE ’21_7 -
5 20 80 2
N
T+ — d) 3-S+_——.. =g WD
) 39t ) 375t > V4
v V.
(i q ey Lt'/-s "_‘E % >
== = 1'% - _ — =
= 3 a . =
Qneg P>f1mm*g'ﬁ%°° " |~C —&#1/5\ 2
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Ex) Express 0.35 as a fraction.

0. 253535, ..
~— TN ‘ ~ and |
D.2% + 0. 0035 +0. (0002 . 5o T ond
/7 N N So wx Can Uge (Nrintk.
Series, * o =
800 :_9\._._: D'%B _ 5__5_._
[~ ]—%.; 99

Ex) Express 2.421 as a fraction.

2.4 +0.0Z!Q).om2|+O,ooaoozu,_
P~ )
oeries
Fogef For
o ,
Nz A= L This represets the sec’ es
| —¢ 2330 So o wehoweto addl
2.Y badd i .
24+ 7 = 199
320 330
Now Try

Page 63 #1, 2, 3,5, 6, 8,
9,10, 11, 17




